Abstract. In the present paper, we generalize the construction of the formal affine Demazure algebra of Hoffnung, Malagón-López, Savage, and Zainoulline to root systems of finite reflection groups, and we call the resulting object the Demazure submodule. In particular, we show that the Demazure submodule of root systems corresponding to dihedral groups satisfies a braid relation similar to the braid relation satisfied by the formal affine Demazure algebra, of crystallographic root systems, and we compute four structure coefficients appearing in this braid relation. We also compute all coefficients of this braid relation for the root systems corresponding to dihedral groups I 2 (5) and I 2 (7).
Introduction
In [KK86] and [KK90] , Kostant-Kumar described the equivariant cohomology of flag varieties using the techniques of nil-Hecke and 0-Hecke algebras. These algebras are generated by Demazure operators, which satisfy a braid relation. This approach was generalized by Calmès, Hoffnung, Malagón-López, Savage, Zainoulline and Zhong in a series of papers, [HMLSZ14] , [CZZ16] , [CZZ18] , [CZZ15] , to an arbitrary algebraic oriented cohomology theory, corresponding to a one-dimensional commutative formal group law F, of a finite crystallographic root system. In particular, they constructed the formal affine Demazure algebra, D F , which is generated by Demazure elements that satisfy a twisted braid relation (see [HMLSZ14, Prop. 6 .8]). After specializing F to the additive and multiplicative formal group laws, D F equals the nil-Hecke and 0-Hecke algebra, respectively.
In the present paper, we extend the formal affine Demazure algebra, D F , of [HMLSZ14] to root systems corresponding to finite reflection groups and call the resulting object the Demazure submodule D. We then show in Lemma 5.1 that the submodule D also satisfies the twisted braid relation for root systems corresponding to dihedral groups. In our main result, Theorem 5.7, we compute several structure coefficients of this braid relation. In particular, we compute all coefficients of this braid relation for the root systems corresponding to the dihedral groups I 2 (5) and I 2 (7) in Example 6.3 and Example 6.4, respectively. Note that similar coefficients appear in [HMLSZ14, Prop. 6 .8] and implicitly in [GR13, Section 8] for crystallographic root systems, but general formulas for these coefficients have so far remained unknown in the literature. This paper is organized as follows. In Section 2, we review some facts about the root lattice and give examples of various formal group laws. In Section 3, we give the definition and describe some basic properties of the localized twisted root algebra. We also define the Demazure submodule, our main object of study. In Section 4, we describe some basic relations between Demazure elements. In Section 5, we show that the Demazure submodule for root systems corresponding to dihedral groups satisfies a braid relation similar to the one satisfied by the formal affine Demazure algebra, of crystallographic root systems, and we find formulas for four structure coefficients appearing in this braid relation for root systems corresponding to dihedral groups. In Section 6, we specialize some coefficients derived in Section 5 to various formal groups laws, and we compute all structure coefficients for the Demazure submodules of the root systems corresponding to the dihedral groups I 2 (5) and I 2 (7). In Section 7, we provide some computations of products of up to seven Demazure elements for all finite root systems.
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Root algebra
In the present section, we review some facts about the root lattice and give examples of various formal group laws.
Let Σ be a root system of a finite reflection group W . Let R be an integral domain with 2 invertible in R. Let F be a formal group law over R (sometimes we write (R, F ) instead of F to specify the ring R). Let Λ = ⊕ α∈Σ Zα be a Z-linear lattice spanned by all roots α ∈ Σ. Let S be the formal group algebra associated to the lattice Λ and the formal group law F (see [HMLSZ14, Def. 3 .1]), i.e.,
The group W acts on Λ by permuting roots Σ and, hence, it acts on the algebra S by w(x α ) = x w(α) , α ∈ Σ and w ∈ W.
We call S the root algebra associated to Σ and F .
Example 2.1. ([LM07, Example 1.1.4]) For x + F y = x + y (the additive formal group law), R = Z and S is the polynomial ring in independent variables α ∈ Σ (here we identify x α with α).
Example 2.2. (see [LM07, Example 1.1.5]) For x + F y = x + y − βxy (the multiplicative formal group law), R = Z[β] (a polynomial ring in one variable) and S can be identified with the so called Rees ring.
] (the multiplicative periodic f.g.l.), i.e., F localized at β, the formal group algebra S is simply the group ring
The identification is given by x λ = β −1 (1 − e −λ ). The variable β is called the Bott element. 
is the Lazard ring (the coefficient ring of the complex oriented cobordism ring).
The root algebra S has the following geometric meaning. If Σ is a crystallographic root system, there is a surjective group homomorphism Λ → Λ r to the (root) lattice generated by simple roots. It induces the surjective map S → S r , where S r is the formal group algebra for Λ r . Hence, we obtain a surjection
where h T (pt) is the T -equivariant oriented cohomology of a point associated to the formal group law F . In other words, h T (pt) is the quotient of S modulo the root relations in Λ.
The localized twisted root algebra
In the present section, we define the localized twisted root algebra and describe some of its basic properties. We also define the Demazure submodule, our main object of study.
Following 
We call S W the twisted root algebra and Q the localized twisted root algebra. Let {δ w } w∈W denote the canonical basis of the group ring R[W ] and, hence, of S W and of Q W as S-and Q-modules respectively.
Consider the left S-submodule D of Q W spanned by products of elements
xα (1 − δ sα ) for all α ∈ Σ (here δ α = δ sα and s α ∈ W denote a reflection along α). Following [HMLSZ14, Def. 6.2], we call elements X α the Demazure elements and we call D the Demazure submodule. Note that the formal affine Demazure algebra D F of [HMLSZ14] is a right S−module (specialized to crystallographic root systems), while D is a left S−module.
Let I = (α 1 , α 2 , . . . , α r ) be a finite sequence of roots, and let X I denote the product X α1 X α2 . . . X αr in Q W . By definition any element Z ∈ D can be written as a finite linear combination
Observe that {X I } I does not necessarily form a basis of D. 
where q ∈ Q and ∆ α (q) = q−sα(q) xα ∈ Q.
Proof. We have
Therefore, the left S-submodule D turns into a subring of Q W . However, in general, we only know that ∆ α (q) ∈ Q.
In particular, any X α is a conjugate of some X β , where β is a simple root in Σ.
Proof. Observing that ws α w −1 = s w(α) , we have
Since each α ∈ Σ is conjugate to a simple root β ∈ Σ by applying some reflection, the latter follows.
The group W acts by conjugation on the ring Q W , i.e., for w ∈ W and qδ v ∈ Q W we have
By definition this is an action by means of R-algebra automorphisms but it is not Q-linear. According to Lemma 3.3 it restricts to an action of W on D, and is given by
Products of Demazure elements
In the present section we describe S-and Q-linear relations between products of Demazure elements X I . We do this as we want to find an S-basis of D (among X I 's). A key point is to show that all structure coefficients of the relations are in S. 
The multiple κ α belongs to S for any F , hence, it gives a relation in D.
Proof. (a) By definition of X α we obtain
But at the same time
Then there is a relation
Since s α (β) = β and s β (α) = α, we get
Lemma 4.3. Suppose (s α s β ) 3 = 1 (which corresponds to a simply-laced case). Then we have
where
(b) (see [HMLSZ14] ) κ α,β ∈ S for any F , hence, it gives a relation in D.
. It is easy to see then that X α X β X α − X β X α X β = κ α,β X β − κ β,α X α for some coefficients κ α,β ∈ Q. We now find these coefficients.
Since X γ = y γ −y γ δ γ , the coefficient at X γ is the same as at −y γ δ γ . By definition we have
Taking the difference we obtain the formula for κ α,β .
(b) The formal group law relation in S leads to
Hence,
Relations for dihedral groups
In the present section, we show that the Demazure submodule for root systems corresponding to dihedral groups satisfies a braid relation similar to the braid relation satisfied by the formal affine Demazure algebra, of crystallographic root systems (see [HMLSZ14, Prop. 6 .8]), and we compute formulas of four structure coefficients appearing in this braid relation for root systems corresponding to dihedral groups.
Consider the dihedral group I 2 (m), m ≥ 3. In this case m is the number of positive roots and |Σ| = 2m. See [Hum90, page 4] for further discussion of I 2 (m). Let {α, β} be simple roots. The longest element can be written as
and the product of all positive roots is Σ + . We use the following notation for products of i Demazure elements and i δ's,
Proof. In the expansion of the product (2) we have to choose δ-terms in all factors except of one X β where we have to choose the constant term. Moreover, such X β can be only taken from the very end of (2) (otherwise two δ α 's will cancel and give a word of length m − 3). Hence, the δ Now we consider the constant terms. There is a natural action of Q W on Q, where R[W ] acts under the action of the dihedral group W on Q. That is, X α (q) = ∆ α (q) = 0 and X β (q) = ∆ β (q) = 0 for q ∈ Q. Therefore, the constant term on the right side of Eq. (1) 
The following corollary uses Lemma 5.1. Inductively, we obtain the coefficients that satisfy the formulas appearing in Corollary 5.3. 
. . . st summand can be rewritten as follows: Proof. We prove the lemma when m is odd, since the case when m is even is similar. The δ m−3 β... -term of X m α... is obtained by choosing all δ-terms after the first δ except of two adjacent X α X β or X β X α , where one chooses constant terms (if one doesn't take adjacent, then there is cancellation of δ's; if one chooses the first δ, the product of δ's may begin with δ α ), plus one additional summand. So we obtain m − 1 summands, where the additional summand comes from taking the first δ-term, the second constant term, followed by the remaining (m − 2) δ terms (so that the first and third δ-terms will cancel),
. . .
We may simplify the expression of each summand of c 2 β,α δ m−3 β... . The formula of the first summand differs from the general formulas of the other summands, so we will simplify it separately: , and κ m−3 β lie in S. We only know that they lie in Q.
Applications
In the present section, we specialize the structure coefficients derived in Section 5 to various formal group laws. We also find all structure coefficients in the braid relation between Demazure elements for the root systems corresponding to the dihedral groups I 2 (5) and I 2 (7). We will use the following lemma in Example 6.2. Example 6.2. Let I 2 (m) be a dihedral group for m ≥ 3, and suppose that m is odd. Let (R, F ) be any formal group law such that the formal inverse of y α , α ∈ Φ, is (p − y α ) for some p ∈ R. This includes the additive (take p = 0) and multiplicative (take p ∈ R \ {0}) formal group laws. We show that under these conditions, the universal coefficients of Theorem 5.7 satisfy 
The formulas for the remaining coefficients are obtained by switching α and β in the coefficients above, respectively. We use results proven in Section 5 to justify these formulas of the coefficients. The formulas of κ 2 β and κ 3 β follow from Theorem 5.7. Now we will find κ 1 β . In Calculation 7.1, we have computed the products of up to seven Demazure elements. We use these expressions, together with the coefficients κ 2 α and κ 3 β that we already know, to determine κ 1 β by subtracting κ 
The coefficient of X β at (1 − δ β ) is y β . Using Lemma 6.1, we know y α = s The formulas for the remaining coefficients are obtained by switching α and β in each coefficient above, respectively, and all formulas are found using the method of Example 6.3.
Remark 6.5. Let (R, F ) be a formal group law such that the formal inverse of y α , α ∈ Φ, is (p − y α ) for some p ∈ R. Then, by direct computation and using the method of Example 6.2, we have κ I 2 (7) . Remark 6.6. Let I 2 (m) be a dihedral group for m ≥ 3, and suppose m is odd. In light of Example 6.2 and Remark 6.5, we conjecture that given a formal group law (R, F ) such that the formal inverse of y α , α ∈ Φ, is (p − y α ) for some p ∈ R, we have κ 
Appendix
In the present section, we provide some computations of products of up to seven Demazure elements for arbitrary finite root systems. 
